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Abstract. We determine a fundamental solution for the differential operator (A — \z)'^ on the 
Riemannian symmetric space G/K, where G is any complex semi-simple Lie group, and K is a 
maximal compact subgroup. We develop a global zonal spherical Sobolev theory, which enables 
us to use the harmonic analysis of spherical functions to obtain an integral representation for 
the solution. Then we obtain an explicit expression for the fundamental solution, which allows 
relatively easy estimation of its behavior in the eigenvalue parameter Az, with an eye towards 
further applications to automorphic forms involving associated Poincare series. 



1. Introduction 

We determine a fundamental solution for the differential operator (A — A^)"^ on the Riemannian 
symmetric space G/K, where G is any complex semi-simple Lie group and X is a maximal compact 
subgroup. Since the delta distribution Si.k at the base point is a bi-K -invariant, compactly supported 
distribution, a suitable global zonal spherical Sobolev theory ensures that the harmonic analysis of 
spherical functions produces a solution. In this paper, we first develop the suitable Sobolev theory, 
then derive the fundamental solution. To our knowledge, this is the first construction of Sobolev 
spaces of bi-if-invariant compactly supported distributions. 

Instead of using the existence of a fundamental solution to prove solvability of a differential 
operator, as in, for example, [2l [3l [211 [5l |6]. we obtain an explicit expression for the fundamental 
solution, with eye towards further applications involving the associated Poincare series. For example, 
we have already obtained an explicit formula relating the number of lattice points in an expanding 
region in a symmetric space to the automorphic spectrum [7j. 

In particular, the presence of a complex (eigenvalue) parameter z in the differential operator 
makes the fundamental solution suitable for further applications, and the simple, explicit nature of 
the fundamental solution allows relatively easy estimation of its behavior in the eigenvalue parameter, 
proving convergence of the associated Poincare series in and, in fact, in a Sobolev space sufficient 
to prove continuity Vf\. Further, this makes it possible to determine the vertical growth of the 
Poincare series in the eigenvalue parameter. 

For a derivation of the fundamental solution in the case G = SL2{C), assuming a suitable global 
zonal spherical Sobolev theory, see [TTl [13] . Our results for the general case arc sketched in 12] . 
After having submitted an initial version of this paper, it was brought to our attention that Wallach 
derives a similar, though less explicit, formula in Section 4 of |22) . An introduction to positively 
indexed Sobolev spaces of bi- if- invariant functions can be found in [1]. 

Our main result is the following theorem, whose proof is given in 13.11 

Theorem. Let G be a complex semi-simple Lie group with maximal compact K. When G is of 
odd rank, let u ~ d + ^^y^, where d is the number of positive roots, not counting multiplicities, and 
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n = dimo the rank. Then the bi-K -invariant fundamental solution Uz for the operator (A — X^Y on 
G/ K is given by: 

(_^)rf+(«+i)/2^(n+i)/2 a(loga) e-"l'°g°l 

""^^"^ ^ TT+(p)r(d+(n + l)/2) ■ 2sinh(a(loga)) ' z 

When G is of even rank, let u = d ^ ^ -\- 1. Then, with the usual modified Bessel function, 

= 7r+(p)r(ci+(n/2) + l) • 11 2sinh(a(loga)) ' ^ ' ^i^^'l^g^D 
2. Spherical transforms, global zonal spherical Sobolev spaces, 

AND differential EQUATIONS ON G/K 

2.1. Spherical transform and inversion. Let G be a complex semi-simple Lie group with finite 
center and K a maximal compact subgroup. Let G — NAK, g = n + o + tbe corresponding Iwasawa 
decompositions. Let E denote the set of roots of g with respect to a, let denote the subset of 
positive roots (for the ordering corresponding to n), and let p = ^^ae's+ ^aCt: "m-a denoting the 
multiplicity of a. Let denote the set of complex-valued linear functions on a. Let X — K\G/K 
and S = a* /W « o+. The spherical transform of Harish-Chandra and Berezin integrates a hi-K- 
invariant against a zonal spherical function: 

-^/(O = / /(.9)^p+.5(.9)d.9 
Jg 

Zonal spherical functions ^p+i^ are eigenfunctions for Casimir (restricted to bi-_ftr-invariant functions) 
with eigenvalue — — (|^P -I- The inverse transform is 

where c(^) is the Harish-Chandra c-function and is the usual Lebesgue measure on o* « M". For 
brevity, denote L'^i'B., |c(^)|~^) by i^(S). The Plancherel theorem asserts that the spectral transform 
and its inverse are isometrics between L'^{X) and 

2.2. Characterizations of Sobolev spaces. We define positive index zonal spherical Sobolev 
spaces as left iiT- invariant subspaces of completions of C^{G/K) with respect to a topology induced 
by seminorms associated to derivatives from the universal enveloping algebra, as follows. Let Uq-^ 
be the finite dimensional subspace of the universal enveloping algebra Uq consisting of elements of 
degree less than or equal to I. Each a G Uq gives a seminorm Va{f) — \\'^f\W'2(G/K) ^'^(G'/if). 

Definition 2.1. Consider the space of smooth functions that are bounded with respect to these 
seminorms: 

{/ e C°°{G/K) ■.Vo.f < oo for ah a G Uq^'^} 

Let H^{G/K) be the completion of this space with respect to the topology induced by the family 
{va : a E Ug-^}. The global zonal spherical Sobolev space H^{X) = H^{G/K)^ is the subspace of 
left-iiT- invariant functions in H^{G/K). 

Proposition 2.1. The space of test functions C'^{X) is dense in H^{X). 

Proof. We approximate a smooth function / G H^{X) by pointwise products with smooth cut-ofF 
functions, whose construction (given by [10 , Lemma 6.1.7) is as follows. Let a{g) be the geodesic 
distance between the cosets 1 • K and g ■ K va G/K . For i? > 0, let Bp denote the ball Br — {g G 
G : cr{g) < R}. Let 77 be a non-negative smooth bi-ii'-invariant function, supported in i?i/4, such 
that r]{g) = r](g^^), for all g £ G. Let char/j_|_i/2 denote the characteristic function of -B_r,+i/2, and 
let rjn = r] * char^+1/2 * V- ^-S shown in [10], rjn is smooth, bi- if- invariant, takes values between 
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zero and one, is identically one on Br and identically zero outside -Bij+i, and, for any 7 e Uq, there 
is a constant such that 

sup \{im){9)\ < C't 

geG 

We will show that the pointwise products rm ■ f approach / in the £*'^ Sobolev topology, i.e. for 
any 7 e Uq-^, i^'y{'r]R ■ f — f) ^ as R ^ 00. By definition, 

I'jiVR-f-f) = \h{VR - f - f)\\L^(G/K) 

Leibnitz' rule implies that 7(j7ii-/— /) is a finite linear combination of terms of the form a{riR — l)-pf 
where a, p G Uq-^. When deg(a) = 0, 

\\a{nR-l)-pf\\mG/K) « ||(»?ii-l)-/3/||L=(G/K) < / \{p f){g)\'' dg 

Ja(g)>R 

Otherwise, a{r}R — 1) = ar]R, and 

- 1) • /^/IIl2(G/K) = \W'nR- PfWh'^iG/K) 

« sup \aT^R{9)\ ■ [ \i(3 f )ig)\' dg « / \iP f){g)\' dg 

geG J<y{g)>R J<y(g)>R 

Let B be any bounded set containing all of the (finitely many) /? that appear as a result of applying 
Leibniz' rule. Then 

^^{m-f-f) « sup / \{p f){g)\'' dg 

13GB Ja{g)>R 

Since B is bounded and / G H''{X), the right hand side approaches zero as _R ^ 00. □ 

Proposition 2.2. Let be the Casimir operator in the center ofUg. The norm || • \\2e on C^{G/K)^ 
given by 

wfwie = ii/f + 11(1 -^^) /II' + m-^fff + ■■■ + 11(1 -^^)Vii' 

where || • 1| is the usual norm on L'^{G/K), induces a topology on C^{G/K)^ that is equivalent to 
the topology induced by the family {v^ ■ ct S Uq-^^} of seminorms and with respect to which H^^{X) 
is a Hubert space. 

Proof. Let {Xi\ be a basis for q subordinate to the Cartan decomposition g = p + 6. Then Q. = 

^jX;X*, where {X*} denotes the dual basis, with respect to the Killing form. Let Hp and f2{ 
denote the subsums corresponding to p and t respectively. Then fip is a non-positive operator, while 
fit is non-negative. 

Lemma 2.1. For any non-negative integer r, let S^. denote the finite set of possible K -types of'jf, 

for 7 € Ug-^ and f G {G / K)^ . and let Gr be a constant greater than all of the finitely many 
eigenvalues for Q,t on the K -types a G S^- For any ip G G'^{G/K) of K -type a G Srn otnd 
(5 = x\ . . .Xn a monomial in Uq with a;i G p, 

< ((-0 + C„+„_i)"(^, ^) 

where {,) is the usual inner product on L'^{G/K). 

Proof. We proceed by induction on n = deg/3. For n= 1, /3 = a;Gp. Let {Xi\ be a self-dual basis 
for p such that Xi = x. Then, 

{xip, xifi) < ^{Xi(p,Xiip) = -^{xfip,ip) = {-npip,(p) = {{-n-\-ni)(p,ip) 

i i 

For n > 1, write = x-f, where x = Xi and 'f = X2 ■ ■ ■ Xn- Then the iV'-type of 71^ lies in Sm+n-i, 
and by the above argument, 

{Xjlp, X-fifi) < {{-il + Gm+n-l)l<f, l^P) 
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Let C^{G/K)s^ be the subspace ofC^{G/K) consisting of functions of iiT-type in and L'^{G/K)s^ 
be the corresponding subspace of L'^{G/K). For the moment, let E = Em+„_i and C — Gm+n-i- 
Then, by construction, — ilj, + C is positive on G^{G/K)^, and thus —fl + C — — fip — r2{ + C is 
a positive densely defined symmetric operator on L'^{G/K)^. Thus, by Friedrichs [Slin], there is an 
everywhere defined inverse i?, which is a positive symmetric bounded operator on L'^(G/ K)-^, and 
which, by the spectral theory for bounded symmetric operators, has a positive symmetric square 
root \/R in the closure of the polynomial algebra C[R] in the Banach space of bounded operators 
on L^{G/K)-£. Thus —fl + C has a symmetric positive square root, namely {\/R) , defined on 
G^ {G/ K)y,, commuting with all elements oiUQ, and 



Now the K-type of + G (p, being the same as that of (p, lies in so by inductive hypothesis, 

(7 v-f^ + c ifi, 7 v~n + G ifi) < ((-o + a„+„-2)""^ v-n + G ^, v-n + G if) 

= {{-n + G,n+n-2T^^{-^ + G,n+n-l)f, V>) 
< {{-n + Grn+n-lY'f, ^) 

and this completes the proof of the lemma. 

Let a £ Uq-^^ . By the Poincare-Birkhoff-Witt theorem we may assume a is a monomial of the 
form a = xi . . . Xn yi ■ ■ ■ Um where Xi £ p and yi G ?. Then, for any / g G^{G/K)^ , 

Vaf = {(^f,af)LHG/K) = {Xl . ■ .Xn f, Xi . . .Xnf)mG/K) {Xi € p) 

By the lemma, there is a constant C, depending on the degree of a, such that I'aif) ^ {{^^ + 
(j-^dega j- j^ for all / G G^{G/K)^. In fact, for bi-if-invariant functions, (-0 + C)'^'=s" / = 
(— J7p + G)'^°^" f. Since fip is positive semi-definite, multiplying by a positive constant does not 
change the topology. Thus, we may take C = 1. That is, the subfamily : a = (1 — i^)'^, k < £} oi 
seminorms on G^ {G / K)^ dominates the family {I'a ■ ol € Z^g-^^} and thus induces an equivalent 
topology. □ 

It will be necessary to have another description of Sobolev spaces. Let 

W'^^\GIK) = {fe L^{G/K) -.afe L^{G/K) for all a e Ug'^'^} 
where the action of Ug on L'^{G/K) is by distributional differentiation. Give W'^'''{G/K) the topol 

2 

L2(G/K) 



ogy induced by the seminorms Vaf — /llrsfG/KV ^ ^0^^- Let W'^'^{X) be the subspace of 



left i^-invariants. 

Proposition 2.3. These spaces are equal to the corresponding Sobolev spaces: 
W^'\G/K) ^ H\G/K) and W^'^X) = H''{X) 

Proof. It suffices to show the density of test functions in W'^'^{G/ K). Since G acts continuously 
on W'^'^{G/ K) by left translation, mollifications are dense in W^'^{G/ K); see 12.51 By Urysohn's 
Lemma, it suffices to consider mollifications of continuous, compactly supported functions. Let 
r] e G^{G) and / G G°{G/K). Then, rj-J is a smooth vector, and for ah a e Ug, a-irj-f) = {Lari)-f. 
For X E g, the action on 77 •/ as a vector is 



JG t=0 JG 

Now using the fact that / is a function and the group action on / is by translation^ 



t=o 



v{g)f{g''e-'''h)dg = I 



t=0 



Thus the smoothness of (77 • /) as a vector implies that it is a genuine smooth function. The support 
of 77 •/ is contained in the product of the compact supports of rj and /. Since the product of two 
compact sets is again compact, rj ■ f is compactly supported. □ 
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Remark 2.1. By Proposition 12.21 H^^{X) — W^'^^{X) is a Hilbert space with norm 

ii/iiL = ii/ip + m-^)fr + ■■■ + m-^Yfr 

where || • \\ is the usual norm on L'^{G/K), and (1 — ft)'' / is a distributional derivative. 
2.3. Spherical transforms and differentiation on Sobolev spaces. 

Proposition 2.4. For £ > 0, the Laplacian extends to a continuous linear map H'^^~^'^{X) — > 
H'^^{X); the spherical transform extends to a map on H'^^{X); and 

^((1-A)/) - (l-Ae)-J-/ for all f e H^'+^X) 

Proof. By the construction of the Sobolev topology, the Laplacian is a continuous map 

A : C°°iG/K) n H^'^+^{G/K) ^ C°^{G/K) n H^^{G/K) 

Since the Laplacian preserves bi-iiT-invariance, it extends to a (continuous linear) map, also denoted 
A, from to H^\X). The spherical transform, defined on C^{G/K)^ by the integral 

transform of Harish-Chandra and Berezin, extends by continuity to H'^^{X). This extension agrees 
with the extension to L?{X) coming from Plancherel. By integration by parts, J-{lS.ip) = • J-ip^ 
for v? e Cf=(G/X)^, so, by continuity - A)/) = (1 - A^) • Ff for all/ e H^'^+^{X). □ 

Let /I be the multiplication map = {\ — \^)-v{S_) ~ (l + |pp + |^p)-ti(^) where p is the half 
sum of positive roots. For ^ e Z, the weighted L^-spaces V"^^ = {v measurable : ^^(w) G 
with norms 

\\v\\y.. = ii/wiu.(H) = jj.i + \p? + \efHi)?\cm-^di 

are Hilbert spaces with 1/^^+2 ^ y2i g^jj^ jj-^ ia,ct^ these are dense inclusions, since truncations are 
dense in all y^^-spaces. The multiplication map is a Hilbert space isomorphism : \/2£+2 _^ y2^^ 
since for v E y2£+2^ 

\\^i{v)\\v2e = ||/+^(f)||L2(H) = \\v\\v2'+2 

The negatively indexed spaces are the Hilbert space duals of their positively indexed counterparts, 
by integration. The adjoints to inclusion maps are genuine inclusions, since 1/^^+2 ^ jg dense 
for all £ > 0, and, under the identification (V'^'^)* = V-'^'' the adjoint map fi* : (V^^)* (y2«+2)* 
is the multiplication map /i : V^^^ — ?> V~^^~^. 

Proposition 2.5. For £ > 0, the spherical transform is an isometric isomorphism H'^^[X) — > V"^^ . 

Proof. On compactly supported functions, the spherical transform J- and its inverse J-^^ are given 
by integrals, which are certainly continuous linear maps. The Plancherel theorem extends J- and 
to isometrics between L'^{X) and Thus F on H'^^{X) C L'^{X) is a continuous linear 

L^-isometry onto its image. 

Let / e H'^^{X). By Proposition [231 the distributional derivatives (1 - A)*" / lie in L'^{X) for all 
k < £. By the Plancherel theorem and Proposition [23J 

||(1-A)V||l^(x) = ||-F((l-Ar/)|U.(H) = |l(l-A5r--F/|U.(H) 

Thus T{H^'^{X)) C F^^. The following claim shows that ^"-^(y^^) C H^'^{X) and finishes the 
proof. 

Claim. For v G V'^^, the distributional derivatives (1 — A)''" F^^v lie in L'^{X), for all < k < £. 
Proof. For test function ip, the Plancherel theorem implies 

{{l-A)F^\)if = T-\{{1-A)ip) = v{F{l-A)ip) 
By Proposition [53] and the Plancherel theorem, 

«(J-(1-A)^) = v{{l-X^)-F^) = {{1 - X^) ■ v) (F^) = F-\{1 - X^) ■ v) ^ 
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By induction, we have the following identity of distributions: (1 — A)'^ = ((1 — A^)'^ u) . 

Since T is an L^.isometry and (1 - X^)'' v £ L'^(E) for ah < fc < ^, (1 - A)'= T^'^v lies in L'^{X) 
for < fc < £. □ 

Remark 2.2. This Hilbert space isomorphism T : H^^ V"^^ gives a spectral characterization of 
the 2^*'' Sobolev space, namely the preimage of V"^^ under F. 

H^\X) = If e L\X) : (1 - A^)^ • FfiO G L\E)} 

2.4. Negatively indexed Sobolev spaces and distributions. Negatively indexed Sobolev spaces 
allow the use of spectral theory for solving differential equations involving certain distributions. 

Definition 2.2. For ^ > 0, the Sobolev space H-'^{X) is the Hilbert space dual of H'^{X). 

Remark 2.3. Since the space of test functions is a dense subspace of H^{X) with ^ > 0, dualizing 
gives an inclusion of H~^{X) into the space of distributions. The adjoints of the dense inclusions 
^ are inclusions H-'^+'^{X) ^ H-\X), and the self-duality of H"{X) = L^{X) implies 

that H'^{X) ^ i/^-i for all £ e Z. 

Proposition 2.6. The spectral transform extends to an isometric isomorphism on negatively indexed 



-21 



and for any u G H'^^{X), idTL, T{{\ - A) m) = (1 - A^) • 



Sobolev spaces T : H 

Proof. To simplify notation, for this proof let H^^ — H'^^{X). Propositions 12.41 and 12.51 give the 
result for positively indexed Sobolev spaces, expressed in the following commutative diagram. 



(l-A) 



(l-A) 



i/2 



(l-A) 



where — (1 — Aj) • w(^), as above. Dualizing, we immediately have the commutativity of 

the adjoint diagram. 



(l-A)* 



(l-A)- 



0\* 



The self-duality of l? and the Plancherel theorem allow the two diagrams to be connected. 




Since V'^^^'^ is dense in V"^^ for all £ G Z, and H'^^ « f^j. ^ ^ ^2£+2 -g ^^^^^ -^^ f^^. 
all G Z. Thus test functions are dense in all the Sobolev spaces. The adjoint map (1 — A)* : 
— >■ H~^^~^ is the continuous extension of (1 — A) from the space of test functions, since, for a 
test function Lp, identified with an element of H~'^^ by integration, 

((l-ArA^)(/) = A^((l-A)/) = (^,(1-A)/) = ((1-AV,/) = A(i.A)^(/) 
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for all / in iJ^^+s \yy integration by parts, where A;^ is the distribution associated with Lp by 

integration and ( , ) denotes the usual inner product on L'^{G/K). The map (J'*) on is the 

continuous extension of T from the space of test functions, since for a test function ip, 

{T*A^^)if) = A^^{Tf) = {Tip,Tf)y2, = = A^(/) 

for all / G H^^ . Thus, the following diagram commutes. 

(l-A) , (1-A) „ (1-A) (1-A) „ (1-A) ^. (1-A) 




H- 



V- 



In other words, the relation — A) u) = (1 — A^) • Fu holds for any u in a Sobolev space. □ 

Recall that, for a smooth manifold M , the positively indexed local Sobolev spaces H(^^{M) consist 
of functions / on M such that for all points x S Af, all open neighborhoods U oi x small enough 
that there is a diffeomorphism $:[/—> R" with Vl = $(C/) having compact closure, and all test 
functions if with support in [/, the function (/ ■ v?) ° '■ ^ — ^ C is in the Euclidean Sobolev space 
H^{il). The Sobolev embedding theorem for local Sobolev spaces states that H(^^^{M) C C'^{M) 
for I > dim(M)/2. 

Proposition 2.7. Fori > dim{G/K)/2, H^'+^{X) C H'^+^{G/K) C C^{G/K). 

Proof. Since positively indexed global Sobolev spaces on G/K lie inside the corresponding local 
Sobolev spaces, H(^^{G/K) C C''{G/K) by local Sobolev embedding. □ 

This embedding of global Sobolev spaces into C'^-spaces is used to prove that the integral defining 
spectral inversion for test functions can be extended to sufficiently highly indexed Sobolev spaces, 
i.e. the abstract isometric isomorphism o F : H^{X) — H^{X) is given by an integral that is 
convergent uniformly pointwise, when £ > dim{G/ K)/2, as follows. 

Proposition 2.8. For f e H''{X) , s > fc + dini(G/i^)/2, 

/ = / -^/(O Vp+^i |c(Or' m H'{X) and G\X) 



and 



Proof. Let {S„} be a nested family of compact sets in S whose union is x„ be the characteristic 
function of S„, and /„ be given by the following C°°(X)-valued Gelfand- Pettis integral fsee l2.5p 

fn = j^Xn{^.)^f{^)Vp+^i\<^)\-^d^ 

Since Xn(C)-^/(0 compactly supported, /„ — F^^{xn ' ^f)- Thus, by Propositions 

Wfn^ Irn\\H=(X) = \\{Xn - Xm) ' ^ f \\v 

Since Ff lies in 1^*, these tails certainly approach zero as n,™ oo. Similarly, 

ll/n-/l|ff=(X) = \\{Xn-l) ■ FfWv- !• aS n ^ 00 

By Proposition 12. 71 /„ approaches / in C'^(X). 

The embedding of global Sobolev spaces into C'"'-spaces also implies that compactly supported 
distributions lie in global Sobolev spaces, as follows. 

Proposition 2.9. Any compactly supported distribution on X lies in a global zonal spherical Sobolev 
space. Specifically, a compactly supported distribution of order k lies in H^^{X) for all s > fc + 
dim(G/i^)/2. 



□ 
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Proof. A compactly supported distribution u lies in (C°° {G / K))* . Since compactly supported dis- 
tributions are of finite order, u extends continuously to C^{G/K) for some fc > 0. Using Proposition 
Oand dualizing, u lies in (X), for I > dim(G/K)/2. □ 

Remark 2.4. In particular, this implies that the Dirac delta distribution at the base point Xo = l-K 
in G/K lies in H-^{X) for ah t > dini{G/K)/2. 

Proposition 2.10. For a compactly supported distribution u of order k, Tu = u{Lpp-^-i(^) in 
where s > k + dim{G/K)/2. 



Proof. By Proposition 12.91 a- compactly supported distribution u of order k lies in iJ for any 
s> k + diui{G/K)/2. Let / be any element in iJ^(X). Then, 

{Tf,Tu)vsy,v-- = {f,u)H-xv- = u{f) 
Since the spectral expansion of / converges to it in the H^{X) topology by Proposition 12.81 

u{f) = ^(lim^ :Ff{£,)^p+,^\c{i)\-^ddj = f H) ^ \c{£,)\-^ d^ 

Since the integral is a C°°(X)-valued Gelfand-Pettis integral (see 12. 5p and u is an element of 

{C°°{X))*, 



c{0\-^d^ 

The limit as n — >■ oo is finite, by comparison with the original expression which surely is finite, and 
thus 



{J'f,Tu)ysy,Y-s = J Tf{C)u{(pp+^^)\c{^)\ dC = {Tf,u{ipp+i^))v-xV~- 

Thus, J^u — u{(pp+i^) as elements of □ 
Remark 2.5. This implies that the spherical transform of the Dirac delta distribution is = 

2.5. Gelfand-Pettis integrals and mollification. We describe the vector-valued (weak) integrals 
of Gelfand [15] and Pettis and summarize the key results; see [M]. For X, /i a measure space and 
V a locally convex, quasi-complete topological vector space, a Gelfand-Pettis (or weak) integral is a 
vector-valued integral C°{X, V) ^ V denoted f ^ If such that, for all a & V* , a{If) = aof dfj,, 
where this latter integral is the usual scalar- valued Lebesgue integral. 

Remark 2.6. Hilbert, Banach, Frechet, LF spaces, and their weak duals are locally convex, quasi- 
complete topological vector spaces; see |14) . 

Theorem 2.1. (i) Gelfand-Pettis integrals exist, are unique, and satisfy the following estimate; 

// G /i(spt/) • (^closure of compact hull of f{X)^ 

(ii) Any continuous linear operator between locally convex, quasi- complete topological vetor spaces 
T : V ^ W commutes with the Gelfand-Pettis integral: T{If) = Ixf. 

For a locally compact Hausdorff topological group G, with Haar measure dg, acting continuously 
on a locally convex, quasi-complete vector space V , the group algebra C°{G) acts on V by averaging: 



77 • u = / 77(g) g-vdg 



G 
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Theorem 2.2. (i) Let G he a locally compact Hausdorff topological group acting continuously on a 
locally convex, quasi- complete vector space V . Let {ipi} be an approximate identity on G. Then, for 
any v € V , ipi ■ v ^ v in the topology of V . 

(ii) If G is a Lie group and {77,^} is a smooth approximate identity on G, the mollifications rji ■ v 
are smooth. In particular, for X g, X ■ [rj ■ v) =^ {Lxt]) ■ v. Thus the space V°° of smooth vectors 
is dense in V. 

Remark 2.7. For a function space V, the space of smooth vectors V°° is not necessarily the subspace 
of smooth functions in V. Thus Theorem 12 . 2 1 does not prove the density of smooth functions in V. 

3. Fundamental Solution for (A — Az)" on G/K 

We now return to prove the main theorem, stated at the beginning of the paper, which gives an 
exphcit expression for the fundamental solution for (A — on a symmetric space G/K. 

3.1. Proof of main theorem. As above, let G be a complex semi-simple Lie group with finite 
center and K a maximal compact subgroup. Let G = NAK, g = n+a + tbe corresponding Iwasawa 
decompositions. Let S denote the set of roots of g with respect to o, let E+ denote the subset of 
positive roots (for the ordering corresponding to n), and let p = ^J2ae's+ ^aCt, nT-a denoting the 
multiplicity of a. Since G is complex, TOq ~ 2, for all a G S^, so p = X]agi;+ Let denote 
the set of complex-valued linear functions on a. Consider the differential equation on the symmetric 
space X = G/K: 

{A-KYu, = S,.K 

where the Laplacian A is the image of the Casimir operator for g, Az is — |pp for a complex 
parameter z, v is an integer, and 5i.k is Dirac delta at the basepoint Xg = \ ■ K ^ G/K. Since 
5i.K is also left-K-myaii'Ant, we construct a left-if-invariant solution on G/K using the harmonic 
analysis of spherical functions. 

Proposition 3.1. For integral v > dim(G/iir)/2, is a continuous left-K -invariant function on 
G/K with the following spectral expansion: 

Proof. Since 5i.k is a compactly supported distribution of order zero, by Proposition 12.91 it lies in 
the global zonal spherical Sobolev spaces II^^{X) for all I > dim{G/ K)/2. Thus there is an element 
Uz of H^^^'^'^ (X) satisfying this equation. The solution is unique in Sobolev spaces, since any 
u'z satisfying (A — (z^ — u'^ — Si.k must necessarily have the same spherical transform. For 

f > dim(G/if)/2, the solution is continuous by Proposition 12. 7[ and by Proposition 12.81 

□ 

For a complex semi-simple Lie group, the zonal spherical functions are elementary. The spherical 
function associated with the principal series with x = e''+*'*' , A G a£ is 

where the sums are taken over the elements w of the Weyl group, and the function 7r+ is the product 
TT^in) — na>o("^'/^) '-'^^'^ positive roots, without multiplicities. The ratio of Tr^{p) to 7r+(iA) is 
the c- function, c(A). The denominator can be rewritten 

sgii{w)e'"P = Yl 2sinh(a) 
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Proposition 3.2. The fundamental solution has the following integral representation: 



7r+(p) n2smha J,. (|A|2 



1 



^ 7r+(A) e'^ dX 



Proof. In the case of complex semi-simple Lie groups, the inverse spherical transform has an ele- 
mentary form 



J'-'f ^ [ f{X)^p+,,\c{\)\-UX 

Ja'/W 



' jW 



d\ 



■ , / /(A) ( E «g^(^) e^"") '^^(*^) 

n2sinha 7c,./i^ V^t^ y 



The function 7r+ is a homogeneous polynomial of degree d, equal to the number of positive roots, 
counted without multiplicity, so 7r+(iA) = (— i)'^ • 7r+(A). Also, tt^ is W^-equivariant by the sign 
character, so the change of variables A — > w^^X yields 



F-'f = 



By Proposition 13. 11 



7r+(p) n2sinha 



7r+(p) n2sinha y„. (| AP -h z2) 



/(A) 7r+(A) e'^ dX 



7r+(A) e'^ dX 



□ 



Let /(log a) denote the integral we need to compute: 

1 



/(log a) 



7r+(A) e^<^^'°s"> dX 



la' (|A|2 + z2). 

Proposition 3.3. The integral /(log a) can be reduced to an integral over the real line: 

giAi I log a\ 



/(log a) = z'^.+ (loga).iA^. J__.r(.-rf-Ii^; 



(A? + 22)^-<i-(«-l)/ 



where n = dim o and d is the number of positive roots, counted without multiplicity. 
Proof. Apply the identity 



to (|Ap + z^) ''in the integrand of /(log a): 



°° dt 
t 



/(logo) = 



Change variables A — > A/ ^/t. 

1 



1 



r(^) 
1 



J a 



2 I I , . ^ A\ dt 



7r+(A) e'^ dXj 



t" e"*^ 



/(log a) 



m Jo 
1 



f e-*l^l'7r+(A)e'<^-'°s->dA- 
J a' t 



m Jo 



f^~{d+n)/2 ^-tz^ / e-l^l' 7r+(A) e-^<^'-'°s"/^) dX 



dt 

T 

dt 

T 
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The polynomial 7r+ is in fact harmonic. See, for example, Lemma 2 in [20) or, for a more direct 
proof. Theorem I3.2[ below. Thus the integral over a* is the Fourier transform of the product of a 
Gaussian and a harmonic polynomial, and by Hecke's identity. 



e 

0* 



1^1' 7r+(A) e-*<^^-'°sa/v^) ^ (-i)'^7r+(-loga/%/t)e-l'°s«l'/* 

= z''i-'^/2 7r+(loga)e-l'°sa|Vt 
Returning to the main integral, 

^ ^'^7^+(loga) ^ ^^_„/2g-| logalV*) 



Replacing the Gaussian by its Fourier transform, 

Jo Ja* i 

i'^TT+{l0ga) f f°" .n^,2^^2. dt 



a* Jo 



^y-d ^-t{\\\-' + z-') ^ g'*(A,loga) 



z'^7r+(l0gQ) r T{V ~ d) ,(A,loga) ,^ 



We denote this integral by J(| loga|), since it is is rotation-invariant as a function of logo. Writing 
A = (Ai, . . . , A„), we may assume (A, log a) = Ai • | loga|, and then 

r giAi-|loga| 

Identifying a* with R", J(| loga|) is 

^ f e-*(l^l'+^') e^^^|i°s«l dAidA2 ... A„- 





/•oo 


d) 


Jo 




1 




-rf) 


7r("- 


-l)/2 




-d) 


7r("- 


-l)/2 




-d) 



^.-d / g-t(A?+.^)g^Ai|loga| / e-*(^^ + - + ^")dA2 ... A,. ^ 



^^-d-(n-l)/2 ^ giAi|loga| 

piAil loga| 
2 ; (■;^2 _j_ ^2')i/-d-(n-l)/2 



-2 „;c(^2 ... A„ 

dt 



Thus we have the desired conclusion, since 



/(loga) = i'^^+aoga).!^^^. J(|loga|) 



□ 



The remaining integral can be evaluated by residues when the exponent in the denominator is 
a sufficiently large integer, i.e. when G is of odd rank. For the even rank case, the integral can be 
expressed in terms of a K-Bessel function. 
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Proposition 3.4. For n odd, let v = d+ Then 
/(log a) = i'^7r+(loga) • 



7r("+l)/2 g-z|loga| 



r(d+(n + l)/2) z 
Proof. Recall from Proposition 13.31 that /(log a) is 

ri'.y _ rf^l 7r("-l)/2 r iAi|loga| 

»''^+(logQ)- , .Tiv-d-'-^)- / -_ dAi 

^ ^ T{v) Y{v-d) ^ 2 7 (;^2 _,_ ^2)i.-d-(n-l)/2 

Taking u = d+ 

jAi|loga| /-giAillogal ^ giAi | log a| ^g-z|logo| 

dAi = / — ^ dAi = 27ri • Res 



Thus, 

(n+l)/2 -2|loga| 

/(logo) = i'*7r+(loga) 



r(d+(n+l)/2) z 

□ 

Proposition 3.5. For n even, let v = d + ^ + 1. Then, 

rn ^ -d +n ^ r((n/2) + 1) Tt"/^ |loga| 

/ log a = i 7r+ loga ■ „ , , ^ . /oA _l n ' /o^ _l n /Ci z logo 

r(c( + (n/2) + 1) r((n/2) + 1) z 



Proof. Recall from Proposition 13.31 that 

V(u~d] 7r("-l)/2 r piAi|loga| 

/(loga) . ,:^,^(log„) ^ ^ . r(. - d - V) ■ X ^ .iA. 

The integral over M is 

e^^^i°s^ _ /■ cos(Ai|loga|) , /■ ^ sin(Ai | log a|) 

(A? + z2)3/2 - 1 (A?+z2)3/2 ^^l+y^ (A2 +,2)3/2 



oo 



cos(Ai|loga|) 

- '■io (A? + z2)3/2 

= T(37^ ■ ""^^'''"""'^ 
where /Ci is a modified Bessel function Ka of the second kind, which has the following integral 
representation (see [Ij, 9.6.25). 

r( a + |)(2z)" /-"^ cos(:eO 
7ri/2 a;" ' Jo (t2 + 22)«+l/2 



^.(^^) = ' J.T' ■ I dt Re(a)>-i, x>0, largzKf 



Thus, 

7r"/2 |loga| 



/(llogal) ^ .'^ .^(log a) ^) 



r(d+(n/2) + l) r((n/2) + l) z 



Ki{z\\oga\) 



□ 



Now we prove the theorem stated in the introduction: 



Theorem 3.1. When G is of odd rank, let v = d + where d is the number of positive roots, 

counted without multiplicities, and n is the rank. Then the fundamental solution Uz for the operator 
(A — \zY on G/ K is given by: 

(_l)<i+(n+i)/2 7r("+i)/2 a(loga) e-'\^"sa\ 

" 7r+(p)r(d+(n + l)/2) ■ 2sinh(a(loga)) ' ~z 
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When G is of even rank, let v = d + ^ + 1. Then, with Ki the usual Bessel function, 

^ nnp)rid+{n/2) + l) ■ II 2sinh(a(loga)) ' ^ ' ^i^^'l^g^D 
Proof. Recall that the fundamental solution is 

= n2sinh(a(loga)) ' '^^^S") 

By Proposition l3.41 when G is of odd rank and v ~ d + 

""^"^ " 7r+(p) n2sinh(«(loga)) ' ^ '^^(^og ") ' r(d + (n + l)/2) ' i 
(_l)d+(n+i)/2 7r("+i)/2 7r+(loga) e-^l^°s°l 



Ti+{p) T{d +{n + l)/2) n 2 sinh(a(log a)) 



7r+(p)r((i+(n + l)/2) ' 2 sinh(a(log a)) ' i 

By Proposition [Xll when G is of even rank and v = d + ^ + 1, 

_ 71+ (log g) r((n/2) + 1) 

"^^''^ " ■ n2sinh(a(loga)) ■ r(d+K2) + l) ■ 



7r+(/9) r(d+ (n/2) + 1) J-J- 2 sinh(Q!(log a)) 



□ 



Remark 3.1. For fixed a, large |z|, and /i = 4q;^ (see [T], 9.7.2), 

M-1 (/i~l)(A^-9) (/.-1)(a^-9) (a. - 25) 
8z 2!(8z)2 ^ 3!(8z) 

Thus in the even rank case the fundamental solution has the following asymptotic 



Kc.{z) « \l^,e-' (1 + ^ + oi/.:a2 + o,,oX + • • ■ ) (l^'-g^l < ^) 



_ (-l)rf+("/2)+i^(»+i)/2 Q(loga) / |loga| e-^l'°s°l 

" ^ x/2 7r+(p)r(d+(n/2) + l) ' Jl^ 2 sinh(a(log a)) ' V z ' ~z 

Remark 3.2. For any integer v > dim{G/ K)/2 = n + d/2, the argument used in the proof of 
Proposition 13.51 gives a formula for the bi-_R'-invariant fundamental solution for (A — in terms 
of K-Bessel functions: 

2(-l)'- ^ «(loga) /llogaiy-'^-"/^ ^ I, h 

Tr+{p)T{v) 2smh(loga) \ 2z J 

In the odd rank case, the classical formula for Bessel functions of half integer order 

allows us to write the fundamental solution in elementary terms. Let ^ m + d + (n + l)/2, where 
m is any non-negative integer. Then 

(_^)m+d+(n+i)/2^(«+i)/2 a(loga) e-"l'°s°l _i 

""^^"^ " (m + d+(n-l)/2)!7r+(p) ■ Jl^ 2sinh(a(loga)) ■ z -nlloga^z ) 

where P is a degree m polynomial in | loga| and a degree 2m polynomial in z~^. 
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Remark 3.3. Recall from Proposition l3 . ll that zonal spherical Sobolev theory ensures the continuity 
of 1*2 for V chosen as in the theorem. For G = S'L2(C), the continuity is visible, since fundamental 
solution is, up to a constant, 

'^^('^^^ = (2z-l) sinhr ^^^"^^ = 1% J^'^) 

Remark 3.4. As Brian Hall has pointed out, there is a simple relation between Laplacian on GjK 
and the Laplacian on p when G is complex, which allows us to determine the fundamental solution 
on GjK in terms of the Euclidean fundamental solution on p ([16], proof of Theorem 2). (See also 
Helgason's discussion of the wave equation on GjK in 18 .) Let J be the function on p defined by 



= / /(exp(X)) J(X)dX 

GjK 

Then, for = — as above. 

When G is complex, the restriction to a has an elementary square root, 

Indeed the integral we evaluated after applying Hecke's identity is an integral representation for the 
Euclidean fundamental solution on a* « M". 

3.2. The harmonic property of 7r+. Let G be complex semi-simple Lie group. We will give a 
direct proof that the function 7r+ : a* — )■ R given by 7r+(/Lt) = na>o('^'A*) where the product is 
taken over all postive roots, counted without multiplicity, is harmonic with respect to the Laplacian 
naturally associated to the pairing on a*. (See also [20], Lemma 2, where this result is obtained as 
a simple corollary of the less trivial fact that tt^ divides any polynomial that is VF-equivariant by 
the sign character.) It is this property that enables us to use Hecke's identity in the computations 
above. We will use the following lemma. 



Lemma 3.1. Let I he the set of all non- orthogonal pairs of distinct positive roots, as functions on 

(Ml 



a. Then 7r+ is harmonic ifY^ia -,■) g / ~ 0- 



Proof. Considering o* as a Euclidean space, its Lie algebra can be identified with itself. For any 
basis {xi} of a*, the Casimir operator (Laplacian) is A = Y^^XiX*. For any a,/? in a* and any 
A e a 

A(a,A)(/?,A) = Y.^,{{a,x*){p,\) + {a,\){P,x*)) 

i 

= ^((a,0(/3,x,) + (a, X,) (/?,<)) = 2(a,/3) 



Thus 



7r+ 

Att+ = '^XiX*7r+ = '^Xi'^aix*) ■ — 

i i I3>0 ^ 



and 7r+ is harmonic if the sum in the statement of the Lemma is zero. □ 



Remark 3.5. When the Lie algebra g is not simple, but merely semi-simple, i.e. = 0i © 02, any 
pair /3, 7 of roots with /3 € 0i and 7 G 02 will have (/3, 7) = 0, so it suffices to consider simple. 
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Proposition 3.6. For q ~ si^, sp2; or Q2, the following sum over all pairs {13, 7) of distinct positive 
roots is zero: E/s^^, ^f^" = 0- 

Proof. The positive roots insls are a, (3, and (a + /3) with {a, a) = 2, {/3,/3) = 2, {a,/3) = —1. In 
other words, the two simple roots have the same length and have an angle of 27r/3 between them. 
The pairs of distinct positive roots are (a, (a, a + f3) and (/3, a + (3), so the sum to compute is 

{a,P) {a,a + P) (/3,a + /3) 
a/3 a (a + /3) /3 (a + /3) 

Clearing denominators and evaluating the parings, 

(a,/3) • (a + /3) + (a,a + /3) -/S + (/3,a + /3) -a = -(a + /3)+/3 + a = 

For sp2, the simple roots have lengths 1 and \/2 and have an angle of 37r/4 between them: (a, a) = 1, 
{(3,(3) = 2, {a, (3) = —1. The other positive roots are (a + /3) and (2a + /3) . The non-orthogonal 
pairs of distinct positive roots are (a, (3), {a, 2a + /3), {(3, a + (3), and (a + ^, 2a + /3). So the sum 
we must compute is 

{a,P) (g, 2a + /?) (/3, a + (3) (a + /3, 2a + /3) 
a/3 ^ a (2a + /3) ^ /3 (a + ^) ^ (a + /3) (2a + /3) 

Again, clearing denominators, 

(a,^) • (a + ^)(2a + ^) + (a, 2a + ^) • ^(a + ^) + (/3, a + /3) • a(2a + ^) + (a + /3, 2a + ^) • a^ 

and evaluating the pairings, 

-(a + ^)(2a + /3) + (3{a + p) + a{2a + (3) + ap 

= -(2a2 + 3a/3 + /32) + a/3 + /3^ + 2a^ + a/3 + a/3 = 

Finally we consider the exceptional Lie algebra 02- The simple roots have lengths 1 and \/3 and 

have an angle of 57r/6 between them: (a, a) ~ 1, {(3,(3) — 3, {a, (3) = —3/2. The other positive 
roots are {a + (3), {2a + (3), {3a + (3), and (3a + 2/3). Notice that the roots a and a + (3 have the same 
length and have an angle of 37r/2 between them. So together with their sum 2a + /3, they form a 
copy of the sis root system. The three terms corresponding to the three pairs of roots among these 
roots will cancel, as in the SI3 case. Similarly, the roots (3a + (3) and (3 have the same length and 
have an angle of 37r/2 between them, so, together with their sum, (3a + 2/3) they form a copy of the 
5(3 root system, and the three terms in the sum corresponding to the three pairs among these roots 
will also cancel. The remaining six pairs of distinct, non-orthogonal postitive roots are (a, 3a -|- /3), 
(a, /3), (3a + P,2a + (3), (2a -|- ^, 3a -|- 2^), (3a -|- 2^, a + ^), and (a + /3, /3). We shall see that the 
six terms corresponding to these pairs cancel as a group. After clearing denominators, the relevant 
sum is 

(a, (3)-{a + (3){2a + (3){3a + (3){3a + 2/3) + {a, 3q + /3) • (3{a + P){2a -t- /3)(3a + 2(3) 
+ (3a + (3,2a + (3) ■ a(3{a + (3){3a + 2(3) + {2a + (3, 3a + 2(3) ■ a(3{a + (3){3a + (3) 
+ l^3a + 2(3,a + P) ■ ap{2a + (3){3a + (3) + (q + /3,/3) • a (2a + /3) (3a -I- /3) (3a -I- 2/3) 

Evaluating the pairings and factoring out (3/2), this is 

-(a + /3)(2a + ;3)(3a-h/3)(3a-f 2/3) -f- P{a + P){2a + j3){3a + 2(3) 
+ aP{a + (3){3a + 2(3) + a,/3(a + /3)(3a + /3) 
+ a(3{2a + (3){3a + P) + a(2a + /3)(3a + /3)(3a 4- 2^) 
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Multiplying out, 



-18a^ - 45a3/3 _ 40^2/32 _ 15 a/?^ _ 2/3^ 



45a3/3 _ 


40a2/32 - 


15 a/33 


6a^l3 + 


13a2/?2 + 


9 a/33 


3a^P + 


5a2/?2 + 


2a^3 


5a^P + 


4a2/?2 + 


a^3 


6a^P + 


5a2/32 + 


a/33 


27 (3 + 


13a2/?2 + 


2 a/33 



+18a* 

This sum is zero. □ 

Proposition 3.7. For any complex simple Lie algebra q, the following sum over all pairs (/3,7) of 
distinct positive roots is zero: "Y^jj-^^ ^^'^^ = 0. 

Proof. Let / be the indexing set {(/3,7)} of pairs of distinct, non-orthogonal positive roots. For 
each (/3,7) G /, let Ti-p^-y be the two-dimensional root system generated by /3 and 7. For such a 
root system TZ, let I-jz, be the set of pairs of distict, non-orthogonal positive roots, where positivity 
is inherited from the ambient g. The collection J of all such I-ji is a cover of /. We refine J to a 
subcover J' of disjoint sets, in the following way. 

For any pair and I-jz' of sets in J with non-empty intersection, there is a two-dimensional 
root system TZ" such that I-jin contains I-ji and In'- Indeed, letting (/3,7) and (/3',7') be pairs in 
/ generating TZ and TV respectively, the non-empty intersection of I-ji, and I-jzi implies that there 
is a pair (/3",7") lying in both I-ji and In'- Since TZ and TV are two-dimensional and /3" and 7" 
are linearly independent, all six roots lie in a plane. Since all six roots lie in the root system for g, 
they generate a two-dimensional root system TZ" containing TZ and 7?.', and I-ji" 3 In, In'- Thus we 
refine J to a subcover J': if In in J intersects any In' in J, replace /tj and In' with the set In" 
described above. The sets In in J' are mutually disjoint, and, for any (/?, 7) G /, there is a root 
system 7?. such that (/3,7) G /-k G J', thus 

(/3,7)e-f ' -fTiSJ' (/3,7)e/K ' 
By the classification of complex simple Lie algebras of rank two, TZ is isomorphic to the root system 
of 5(3, 5p2i £l2- Thus, by Proposition 13.61 the inner sum over In is zero, proving that the whole 
sum is zero. 

Note that the refinement is necessary, as there are copies of 5(3 inside 02- Note also that the only 
time the root system of 02 appears is in the case of 02 itself, since, by the classification, 02 is the 
only root system containing roots that have an angle of 7r/6 or 57r/6 between them. □ 

Remark 3.6. See |12j. Lemma 2, for a proof of Proposition 13 . 71 when G is not necessarily complex. 

Theorem 3.2. For a complex semi-simple Lie group G, the function 7r+ : a* — !■ R given by 
TT^ifJ.) = Y[a>ai^^ f^) ■'i'^fi'^c product is taken over all postive roots, counted without multi- 
plicity, is harmonic with respect to the Laplacian naturally associated to the pairing on a* . 

Proof. This follows immediately from Lemma 13.11 Remark 13.51 s-nd Proposition 13.71 □ 
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